Abstract. The Garside group, as a generalization of braid groups and Artin groups of finite types, is defined as the group of fractions of a Garside monoid. We show that the semidirect product of Garside monoids is a Garside monoid. We use the semidirect product Z ⋉ G n of the infinite cyclic group Z and the cartesian product G n of a Garside group G to study the properties of roots and powers of elements in G.
Introduction
In [Ga69] , Garside solved the word and the conjugacy problem in braid groups using the lattice structure of the positive braid monoid. His theory has been generalized and improved by several mathematicians [BS72, Th92, EM94, BKL98, DP99, BKL01, FG03, Pi01, Ge03]. In [DP99] , Dehornoy and Paris introduced the Garside groups as a generalization of braid groups and Artin groups of finite types. The Garside group is defined as the group of fractions of a Garside monoid. The Garside monoid is defined to have the group theoretic properties of the positive monoids of braid groups and Artin groups of finite types that make the Garside's theory work. Therefore most of the results in braid groups using Garside theory can be extended to Garside groups. For example, Garside groups have normal form, have solvable conjugacy problem and are biautomatic.
Braids can be considered as automorphisms of punctured disks. A surface automorphism has one of the three dynamical types: periodic, reducible and pseudo-Anosov. Each type of automorphism has a useful geometric structure such as (branched) covering, reduction system and measured foliations. The study on dynamics of braids has been very fruitful. But the Garside theory on braid groups is purely algebraic and it does not use any dynamics of braids.
Date: May 13, 2008. Up to now, there is no known analogue of Garside theory on mapping class groups. It is an interesting question how to relate the Garside theory and the dynamical approaches in braid groups.
Usually the asymptotic behavior of dynamical invariants is easy to describe. For example, the dilatation of n-th power of a surface automorphism is just n-th power of the dilatation of the original automorphism. The minimal word-length is a basic invariant to measure the complexity of elements in groups. But there is no known estimate of the minimal word-length of powers of an element in a Garside group with respect to the word-length of the original element.
In this note, we are interested at the asymptotic behavior of elements in Garside groups under taking powers. It turns out that a special form of semidirect product is very useful. We first show that the semidirect product of Garside monoids is a Garside monoid. In particular, for any Garside group G, the semidirect product Z ⋉ G n of the infinite cyclic group Z = δ and the n-cartesian product G n = G × · · · × G is a Garside group, where the action of Z on G n is the cyclic permutation of coordinates: (g 1 , . . . , g n ) δ = (g n , g 1 , . . . , g n−1 ). We write this group by G(n) and its element by δ k (g 1 , . . . , g n ), where δ k ∈ Z and (g 1 , . . . , g n ) ∈ G n . See Figure 1 for a schematic illustration.
The key observation is that the conjugacy class of δ k (g, . . . , g), k ≡ 1 (mod n), is related to the conjugacy classes of both g and g n . For example, (i) δ k (g 1 , . . . , g n ) is conjugate to δ k (g, . . . , g) if and only if g 1 · · · g n is conjugate to g n , and (ii) if g is in the super summit set, then so is δ k (g, . . . , g). Starting from this observation, we make an estimate of the minimal word-length of powers of elements in a Garside group, show that the set of translation numbers in a Garside group is discrete, and show that the root extraction problem in a Garside group G can be reduced to a conjugacy problem in G(n).
For a Garside group G and g ∈ G, the integer-valued invariant inf(g) is defined from the normal form of g. See §2 for the definitions of normal form and inf. It is easy to see that for any positive integer n, inf(g n ) n inf(g). But there is no known upper bound of inf(g n ) with respect to inf(g) and n. Studying the conjugacy class of δ k (g, . . . , g) in G(n), we show that
if g is in its super summit set. This estimate gives an estimate of minimal word-length
where D is the set of simple elements and | · | D denotes the minimal word-length with respect to D.
A direct application of this estimate is the discreteness of the set of translation numbers in Garside groups. In [GS91], Gersten and Short introduced the translation number : for a group G and a generating set A, the translation number t A (g) of g ∈ G is defined by
where | · | A is the minimal word-length with respect to A. They asked the question:
If G is a biautomatic group and A is a finite set of generators, is the set {t A (g) | g ∈ G} a discrete set of real numbers?
It is true for hyperbolic group by Gromov [Gr87, 5.2C, p. 138]. Since the translation number t A (g) depends only on the conjugacy class of g, we may assume that g is in the super summit set. Then it is straightforward to show that the set {t D (g) | g ∈ G} is a discrete set without limit point, using the estimate of |g n | D . And for any generating set A, {t A (g) | g ∈ G} is also a discrete set without limit point, which give an affirmative answer to the question for the case of Garside groups.
The root extraction problem in a group G is, given g ∈ G and n 2, to solve the equation
Styšhnev [St78] showed that the problem is decidable in braid groups, and Sibert [Si02] extended the result to Garside groups under the assumption of a finiteness property of positive conjugacy class. They showed the following:
Let G be a braid group or a Garside group with finite positive conjugacy class and let G + be the positive monoid. Given g ∈ G and n 2, there is a finite set C ⊂ G + such that x n = g has a solution in G if and only if x n = c has a solution in G + for some c ∈ C.
Note that we can solve the equation x n = c in G + using a sort of exhaustive search. We show that given a Garside group G, g ∈ G has an n-th root if and only if the ultra summit set of δ(g, 1, . . . , 1) has an element of the form δ(h, . . . , h) for some h ∈ G. Therefore the root extraction problem in G can be reduced to a conjugacy problem in G(n). Our solution does not require the condition of finite positive conjugacy class and it gives a more efficient algorithm for the problem.
Garside monoids and groups
We give the definition and some basic properties of Garside groups. We refer to [DP99] and [De02] for details. Let M be a monoid. An element a ∈ M is an atom if a = 1 and a = bc implies b = 1 or c = 1. The norm a is the supremum of the lengths of all expressions of a in terms of atoms. M is atomic if M is generated by its atoms and a < ∞ for any a ∈ M . In an atomic monoid M , there are partial orders L and R : The partial orders L and R , and thus the lattice structures in G + can be extended to G as follows: for g, h ∈ G, we say g L h if gc = h for some c ∈ G + and say g R h if cg = h for some c ∈ G + . For g ∈ G, the invariants inf(g), sup(g) and len(g) are defined by
Theorem 2.2. Let G be a Garside group with a Garside element ∆.
(
and
In this case, inf(g) = r and sup(g) = r +k.
The expression in (4) is called the normal form of g. For g ∈ G,ḡ denotes its multiplicative inverse and [g] denotes its conjugacy class. Let
Let
Theorem 2.3. Let G be a Garside group and g ∈ G.
(1) [g] S is finite and non-empty.
(2) An element of [g] S can be obtained by applying a finite sequence of cyclings and decyclings on g.
there is a finite sequence
In [Ge03] , Gehbardt introduced the ultra summit set
and showed that there is an algorithm to compute the ultra summit set without generating the whole super summit set.
Minimal Garside element
Note that in a Garside monoid, the Garside element is not unique. For example, if ∆ is a Garside element, ∆ m is a Garside element for any m 1. We show that there is a unique Garside element that is minimal with respect to both L and R .
Lemma 3.1. If ∆ 1 and ∆ 2 are Garside elements of a Garside monoid
and it is a Garside element.
Proof. Note that for any
Since the generating subsets of an atomic monoid are exactly those subsets that contain all atoms, the intersection of generating subsets is a generating subset.
Corollary 3. 2 . In a Garside monoid, there is a unique Garside element that is minimal with respect to both L and R .
be the set of all Garside elements. Let
is a Garside element and it is both left and right gcd of all Garside elements. Hence it is minimal with respect to both L and R . Uniqueness is obvious.
We call the unique Garside element of Corollary 3.2 as the minimal Garside element.
Lemma 3.3. Let φ be an automorphism of a Garside monoid G + .
(1) φ permutes the atoms. Following theorem summarizes the discussions in this section.
Theorem 3. 4 . In a Garside monoid G + , there is a unique Garside element ∆ that is minimal with respect to both L and R . Furthermore, for any automorphism φ of G + , φ(∆) = ∆.
Semi-direct product of Garside monoids
Let G and H be Garside groups and G(and hence G + ) act on H + from right via a homomorphism ρ : G → Aut(H + ), where Aut(H + ) is the group of automorphisms of the monoid H + . We denote ρ(g)(b) = b g for g ∈ G and b ∈ H + . The semidirect product G + ⋉ ρ H + is defined as follows: the underlying set is { (a, b) ; a ∈ G + , b ∈ H + } and the product is
for a 1 , a 2 ∈ G + and b 1 , b 2 ∈ H + . Composing ρ with the monomorphism Aut(H + ) → Aut(H), we have a homomorphism ρ ′ : G → Aut(H). So the semidirect product G⋉ ρ ′ H is well-defined. If there is no confusion, we omit ρ and ρ ′ from the notation of semidirects.
Proposition 4.1. Let G + ⋉ H + and G ⋉ H be semidirect products of Garside monoids and groups via a homomorphism ρ : G → Aut(H + ).
(1) G + ⋉ H + is (left and right) cancellative.
(9) Let ∆ G and ∆ H be Garside elements of G and H. If ∆ H is fixed under the action of G, then (∆ G , ∆ H ) is a Garside element of G + ⋉ H + and the set of simple elements is { (a, b) ; a L ∆ G , b L ∆ H }. (10) G + ⋉ H + is a Garside monoid and its group of fractions is G ⋉ H.
Proof. (1) is obvious.
(2) follows from that the atoms of G + ⋉H + are of the form either (a, 1) for an atom a ∈ G + or (1, b) for an atom b ∈ H + and that (a, a 2 = a 1 a 3 , a 1 L a 2 and a 3 =ā 1 a 2 3 ) = (a 2 , (bā
by (3) (6), (7) and (8) are similar to (5). (10) Since G + and H + are finitely generated, so is G + ⋉ H + . It is cancellative by (1), atomic by (2) and (G + ⋉ H + , L ) and (G + ⋉ H + , R ) are lattices by (5,6,7,8). Since at least the minimal Garside element of H is fixed under the action of G, G + ⋉ H + has a Garside element by (9). Hence G + ⋉ H + is a Garside monoid. G ⋉ H is the group of fractions of G + ⋉ H + because G + ⋉ H + embeds in G ⋉ H by definition of semidirect product and G ⋉ H is generated by G + ⋉ H + .
Hence we have the following theorem. (a, b) 
We remark that our semidirect product is different from that of Crisp and Paris [CP02] . Their semi-direct product is modelled on the Artin-group of Type B, which is a semidirect product of an Artin group of type A and a free group. Note that no free group of rank 2 is a Garside group. (3) The n-braid group B n acts on G n as coordinate change: for α ∈ B n with induced permutation θ, (g 1 , . . . , g n ) α = (g θ −1 (1) , . . . , g θ −1 (n) ). The semidirect product B n ⋉ G n is a Garside group. Note that if G is the m-braid group B m , B n ⋉ (B m ) n consists of reducible braids.
The third example is similar to the wreath product, which is a semidirect product of a cartesian product of a group and a subgroup of a symmetric group, where the action is the coordinate change. Since the Garside groups have no finite order element, we use a braid group instead of a symmetric group.
Lemma 4.4. Let G ⋉ H be a semidirect product of Garside groups G and H via a homomorphism ρ : G → Aut(H + ). Let ∆ G and ∆ H be Garside elements of G and H such that ∆ H is fixed under the action of G.
Proof. The first identity follows from
, inf (h)}. Similar argument works for sup.
Growth of minimal word-length
Definition 5.1. For a Garside group G, G(n) denotes the semidirect product Z ⋉ G n , where Z = δ acts on the cartesian product G n by (g 1 , . . . , g n ) δ = (g n , g 1 , . . . , g n−1 ). We write the element (
Since the infinite cyclic group Z = δ is a Garside group, G(n) is a Garside group. We can consider the generator δ of Z as an (1/n)-twist of n strings and the elements g 1 , . . . , g n ∈ G to be attached at each strands as in Figure 1 , where g i 's can move along the strands. If we move (g 1 , . . . , g n ) attached to the right end of the strands to the left, we have δ(g 1 , . . . , g n ) = (g 1 , . . . , g n )δδ = (g 2 , . . . , g n , g 1 )δ.
Lemma 5. 2 . In G(n), the followings hold.
= Figure 1. δ(g 1 , g 2 , g 3 , g 4 , g 5 ) = (g 2 , g 3 , g 4 , g 5 , g 1 
Proof.
(1), (2) and (3) are immediate from Lemma 4.4. We prove (4) for the case k = inf(g). Similar arguments work for the other cases of (4). (5) can be shown similarly, or by using the identity
. . , ∆) be the Garside element of G(n). Then inf(α) = k by (1) and
It proves (4) for the case k = inf(g).
(1) The ultra summit set of α contains an element of the form δ k (h, . . . , h).
(2) If g is in its super summit set, then so is α.
(3) If g is in its ultra summit set, then so is α.
if and only if g 1 · · · g n and h 1 · · · h n are conjugate in G.
. . , g m−1 , g m g m+1 , 1, 1, . . . , 1) for 1 m n − 1. See Figure 2 . An induction on m shows that Figure 3 . The values are in increasing order from left to right.
x i = x i+1 for i = m, n; g =x n x 1 ; x m = hx m+1 . Since
g =x n hx n and so g ∼ c h.
The following theorem gives estimates of inf s , sup s and len s of powers. Figure 3 shows the order between inf(g), inf s (g),
and so on.
Theorem 5.5. Let G be a Garside group. For any g ∈ G and n 1,
Proof. It is obvious that inf s (g)
. Since inf s (g) depends only on the conjugacy class of g, we may assume that g is in its super summit set. Choose k such that k > r and k ≡ 1 (mod n). Let α = δ k (g, . . . , g) ∈ G(n). Then α is in its super summit set by Corollary 5.3. Let inf s (g) = inf(g) = r. By Lemma 4.4, inf s (α) = inf(α) = min{k, inf(g)} = min{k, r} = r.
If inf s (g n ) n(r + 1), then g n is conjugate to ∆ n(r+1) a for some a ∈ G + . By Lemma 5.4, α = δ k (g, . . . , g) is conjugate to β = δ k (∆ r+1 , . . . , ∆ r+1 , ∆ r+1 a). By Lemma 5.2(1), inf s (α) inf(β) = min{k, r + 1} = r + 1, which contracts to inf s (α) = r. Therefore inf s (g n ) < n(r + 1) and
< inf s (g) + 1. The estimates of sup and len follows from the estimate of inf and the identities sup s (h) = − inf s (h) and len s (h) = sup s (h) − inf s (h).
We note that the inequality in Theorem 5.5 does not hold for inf. For example, consider the positive 3-braid monoid B
It is a Garside monoid with
for any positive integer m. So
> inf(g) + 1 for any positive integers k and m. Let ⌊x⌋ denote the largest integer less than or equal to x and ⌈x⌉ denote the smallest integer greater than or equal to x.
Corollary 5. 6 . Let G be a Garside group, g ∈ G and n 1. inf s (g) and sup s (g) are uniquely determined from (n, inf s (g n ), sup s (g n )) by
In particular, for any n 1, inf s (g) 0 if and only if inf s (g n ) 0 and sup s (g) 0 if and only if sup s (g n ) 0.
Corollary 5.7. If g n is conjugate toḡ n for some n = 0, then inf s (g) = − sup s (g).
Proof. We may assume that n 1. Since g n is conjugate toḡ n , inf s (g n ) = inf s (ḡ n ) = − sup s (g n ). By Corollary 5.6, we are done.
Theorem 5.8. Let G be a Garside group and g ∈ G. There are only finitely many conjugacy classes of roots of g.
Proof.
For each n 1, let
and H(g) = ∪ n 1 H n (g). H(g) is a finite set since H n (g) is a finite set for each n and H n (g) = {1} for n > max{ | inf s Theorem 5.9. Let G be a Garside group and D be the set of simple elements. If g ∈ G is in its super summit set, then for any n 1
Proof. Since g is in its super summit set, inf(g) = inf s (g), sup(g) = sup s (g) and len(g) = len s (g). It is obvious that |g n | D n |g| D . If inf(g) 0, then inf(g n ) n inf(g n ) 0 and
If sup(g) 0, then sup(g n ) n sup(g) 0 and
If inf(g) < 0 < sup(g), inf s (g n ) < 0 < sup s (g n ) by Corollary 5.6. So inf(g n ) < 0 < sup(g n ) and
In any case
Translation numbers
Recall the translation number t A (g) = lim n→∞ |g n | A n . If G is a Garside group and g ∈ G is in its super summit set, |g| D − 2 < |g n | D n |g| D for any n 1 by Theorem 5.9. By taking limit n → ∞, we have an estimate of t D (g) as
Theorem 6.1. In a Garside group the set of translation numbers is a discrete set.
